The symmetry considerations are not only an easy way of reducing the configurational space of a certain physical property to a non redundant subspace, but they also allow for the determination of the "symmetry dictated extrema" of the considered physical property. This promising way will certainly induce a new development in the understanding of martensite morphologies.
The role of symmetry in the study of phase transitions is well recognized from the determination of the order of the transition as well as the description of the microstructure of the transformed phase. The classical theory of Landau on phase transitions (1) stipulates that for a second order transition, the space group of the product is induced by an irreducible representation of the space group of the parent phase, both phases being group-subgroup related ( 2 ) . Whatever the order ofthe transition, a single crystal of the parent phase transforms to a collection of domains of the product phase called variants that are separated by interfaces. The variants correspond to all possible ways, strictly equivalent, of realizing the transformation. The properties of the transformed phase are closely related to this microstructure.
Martensitic transformations being first order transformations, the parent phase may coexist with the product and two kinds of interfaces have to be considered: homophase interfaces between two variants of martensite (or parent phase) and heterophase interfaces between martensite and parent phases.
Using symmetry arguments for studying the transformation, the first step consists in determining the number of generated variants and the nature of the interfaces between them. A second step concerns the possible relations between the morphology of the bicrystals of interest (parent phase -one variant of the transformed phase and two variants of the transformed phase) and the interfacial symmetry which has to be determined. Then, a relation between this interfacial symmetry and a term of energy will be given.
In a second part some information about interfaces, like the coincidence site lattice, and several points about the martensitic transformation, like the symmetry induced by displacement waves, will be treated.
There are only a few papers on symmetry and martensite. Cahn in 1977 (3) used symmetry for the phenomenological description of the transformation and discussed the occurrence of sub and supergroup generation. The present authors, in 1979, used symmetry for finding relations between the parent phase and the product, ignoring the intermediate steps. These two papers will provide the basic material for the present one. Also the present psper is more a sort of "pot pourri" on symmetry and phase transitions and does not pretend to give any solution of the martensitic transformation. (4) 1. Numbering of the variants generated by a phase transition Symmetry arguments distinguish cases in which two physical situations are equivalent. These arguments are only sufficient conditions. Certain physical properties may be accidental.1~ equivalent. Applied to phase transition, the basic idea is essentially that the total symmetry of the resulting morphology reflects the symmetry of the original process (Curie's Laws).
NUMBERING OF THE VARIANTS AND INTERFACE OPERATIONS
In the present context, the symmetries involved through two basic groups can be described as : i) the symmetry group of the parent crystal G which is a space group 0' ii) the symmetry group of the external medium (g). This latter group reflects the anisotropy of the sollicitation applied to the crystal and leads to the transition when the critical value is reached. This group can be continuous. If the sollicitation is the temperature, its invariance group is the symmetry group of a sphere (Sog); if it is an applied stress field along a n direction, its invariance group is that of a cylinder (Dmh [n ] ) . . . Obviously, all thermodynamical properties of the transformation are invariant through any symmetry elements belonging simultaneously to both groups : neither through the application of such elements. The intersection group :
may be considered mathematically as the kernel of the transitior. All its elements act as the identity operator with respect to the thermodynamic properties. In other words, assuming that a certain embryo of the transformed phase has to be formed somewhere, any other embryos deduced from the first one through the operations of Ho are strictly equivalent. Therefore, Ho is called the group of isoprobability of nucleation of the transformation product.
Once the embryo has formed, further growth will lead to the new structure of space group GI. The existence of the heterophase interface between the two structures will be studied in terms of symmetry further below.
Due to the growth, it may happen that certain embryos in contact would form a single crystal, whereas other embryos with space groups differing in orientationtranslation would form a bicrystal and would be separated by an homophase interface. In order to number all the different variants of the transformed phase, one has to select in Ho all the subset of elements which do not belong to GI. This is performed by considering the new intersection group N -01 ' N~~ = H~A G~ which is the set of symmetry elements common to both Ho and GI. Now, the number, n of different possible variants of the G1 product phase is given by the number oF1t)imes NO1 is contained into Ho. Mathematically, nol is the index of the subgroup NO1 into Ho : it is the number of NO1 cosets onto Ho :
The complete group-tree characterizing the transition from G to G is sketched as
The inverse transformation is described similarly but the sollicitation group (g') may be different from the first one. There is an important distinction between domains and variants : each domain belongs to one kind of variant. All possible variants generated can be numbered but the number of domains will depend on the actual conditions of the transformation. The numbering of variants is for the case of a single crystal of the parent phase Go. For a polycrystal parent phase, the group-tree has to be considered for each grain : two grains being deduced by a symmetry-translation operation, the variants in the two grains will also be deduced by,this operation. Finally, it is assumed that the transformation has no boundary conditions and the parent crystal is a perfect one. If there are some boundary conditions, they must be included in the group of the sollicitation which is then reduced to the common symmetry of both the sollicitation and the boundary conditions. Moreover, if the parent phase is faulted, obviously at the level of a defect the symmetry will be lowered but defects will essentially play an important role as possible sites for the nucleation of embryos and not for the numbering of variants which is governed by the "location" of G with respect to H .
2. Space operations and space group notations
The most general isometry in space is written (air) where a , is a point operation (identity, inversion, rotation, rotation-inversion)' and :, the associated translation (Seitz notation (5) 
That means GI only differs from GI by orientation-translation. The operation caracterises the homophase interface but a crystal is invariant through any operation of its space group : if one operates on crystal I first by GI and then by (a I r) one gets the same crystal 11. So, an interface operation is characterized by a coset : the right product of the operation (a]:) initially choosen by the space group of the crystal : The sollicitation is the temperature and, assuming there is no gradient, its 3 invariance group is S0,QDR
The number of variants is :
There are 3 different interfaces :
which are the three well known antiphase boundaries, obtained by the decomposition of H into cosets of N . At the critical temperature, the symmetry of the parent phasg is broken and t% interface operations between variants are precisely the symmetry operations of the parent phase which were lost.
If, one now considers the reverse transformation by increasing the temperature, the new group of isoprobability of nucleation is : 01 4 4 so, four variant.^ are generated :
There are one translation interface and two orientation-interfaces for which the two-fold axes are screw axes.
But if now, a stress is applied along the [loo] direction referred to the orthorhombic cell, the new sollicitation group during cooling is :
Only two variants are generated and the interface is a translation one :
That means, due to the applied stress field, one orientation variant disappears.
On the other hand, if the applied stress field is parellel to [I101 variants are obtained again as upon cooling the sample.
orth.' four iii) Martensite transformation.
In almost all cases of martensitic transformation, there are no common sublattices between the parent and martensitic phases. The number of translation variants may then be infinite. However, in most practical cases, it seems reasonable to neglect the translation group and use only the point symmetry groups; the small mismatches between the lattices being probably accommodated by defects in the boundary (dislocations ... ) . A s an example, the transformation of a B2 structure (space group Pm3m, point group m3m) into a tetratgonal structure (space group P4/mmm,point group 4/mmm) with no superimposed symmetry element excepted that of inversion (NiA1) will give if the sollicitation is the temperature :
The number of orientation variants of martensite, n = index (m3m/i) = 24. 01 If now the reverse transformation is considered :
and the number of orientation variants os martensite is only 8. If a stress field is applied along the [loo] direction of the parent phase, the group of sollicitation is D mh[lOOl and, assuming the induced martensite has the same symmetry :
So the number of orientation variants of martensite is 8
This last point clearly shows that it is possible to reduce the number of the generated variants of the product by applying a selected global sollicitation which may result in the superposition of several different sollicitations. The ultimate case of this is the single interface transformation.
In any case, the interface operations are the operations of the parent phase which are lost during the transition. These operations constitute the generating operations and for each of them, the coset associated with the interface is the product of the generating operation by the space group of the product, both expressed in the same referential system.
In the case of Ni-A1 martensite 
t. SYMMETRY AND MORPHOLOGICAL CONSTRAINTS At this point one has two informations
-the space group Go of the parent phase and G1 of the transformed phase, from which the relative location of the two space groups is also known -and the generated variants G1 of the transformed phase (the I G )-orbit) and the interface operations which relate these variants. 1
One can therefore study the constraints on the physical properties of crystalline interfaces through the interfacial symmetry. 
1) Heterophase interface
There is no isometry which relates both crystals because they are of different structures and only the interfacial symmetry is built up with the elements of symmetry which are common to the two space groups Go and GI. The bicrystal symmetry is :
(Go and G1 are defined to the same reference system) il) Homophase interface The interface operation is described by the coset (a IT) GI. The two space groups are conjugated :
The common elements of symmetry form the subgroup H :
But the set of elements of symmetry which transform simultaneously crystal 1 into crystal 2 and crystal 2 into crystal 1 has also to be considered.
This set E is the common elements of the coset of the interface ((a 1: ) G1) with the inverse coset
The group of superimposition is the union of H and E :
It is easy to see that H is an invariant subgroup of order 2 in
So one just has to determine one operation of E , say
The superimposition group is then written (11) :
In fact the elements of H, which exchange the two crystals are better labelled as colored elements (8)(9)(10).
In this case, the symmetry group of the bicrystal is a 2 color shubnikov group :
where the prime designates a colored element 2. The Wulff plot (8) (9) The basic idea of Kalonji and Cahn (9) is that in an isotropic medium, a growing crystal is constrained to adapt a crystalline form compatible with its point symmetry. Further considering for the growing crystal a crystalline environment, the morphological constraints are changed and must reflect the symmetry of both the crystal and the crystalline environment. Two cases have to be examined : the crystal in an environment with a different structure, which is the case of a phase transition; and the crystal in an environment of the same structure but in a different orientation and location, this is the case of two different variants of the transformed phase in contact with each other.
If the interface were planar with the normal to the plane n, the Wulff plot is the group W, the symmetry operations of which will give the set of interfaces physically equivalent to the first. So, it gives the variation of the interfacial energy as the Interface plane is varied and hence the morphological constraints. For a heterophase interface, the Wulff plot is reduced to the H.group of common operations between the two crystals. Moreover, we have to take into account only the point symmetry of the involved groups (see Burgers (12)).
For a homophase interface, if the normal to the boundary in crystal 1 is defined, it is easy to see that any colored operation applied on the bicrystal will invert the sense of this normal. To restore it to the right sense, the normal must be inverted again. The. Wulff plot in this case is :
where i is the inversion operation. Some examples illustrating this theory are given in ref. (8)(9).
It is quite easy to see the distinct effects of the two kinds of operation and hence the morphology. Consider crystal 1 The symmetry element of the resulting morphology is the mirror m2 product of m' by the inversion.
The Wulff plot is certainly of major interest in the study of martensitic transformation. Kalonji and Cahn pointed out that if there are asymmetries in the environment of the bicrystal, the Wulff plot is reduced to the intersection of W with the invariance group of the asymmetries. Taking a formal example : for an assembly of variants, every bicrystal has a Wulff plot giving the equivalent orientations of the interface. If now a stress field is applied, every Wulff plot will be reduced to its intersection with the symmetry of the field. The interfaces will be no longer equivalent and a regrouping of the variants would appear without new phase transformation.
Symmetry dictated extrema (G. Kalonji and J. Cahn (9)(13))
Another symmetry aspect of interest in the present context concerns the so called symmetry dictated extrema or special points. In numerous cases, states of equilibrium are obtained through variational principle : the physical parameters characterizing the stable state are those which minimize a certain function F (X) (like the free energy). Although it is extremely difficult to give an analytical expression for this function, it is often quite easy to determine the minimal symmetries of the same i.e. the set of all the symmetry elements of the configurational space which leave the function invariant. If F (X) is invariant through a G-group, the little group of its gradient at a "point" X is the same as the little group of X : (see appendix 2) which means that the gradient of F at the point X is invariant through all the symmetry elements which leave X invariant. Therefore, if the little group is such that no vector remains invariant through the action of all the symmetry elements, the gradient vanishes. This is the case if X is a so called special point (14)(15)(16).
The gradient being zero, the function has a minimum, a maximum or a saddle point. This condition relates symmetry and energy and fixes the symmetry dedicated extrema. Cahn and Kalonji have considered the case of two structures for which it is possible to change the relative orientations.
For each relative orientation the common symmetry (H = Go /\ GI) is the symmetry group of the bicrystal and it will control the interfacial energy. If it is a symmetry dictated extrema this energy will have an extremum with respect to any change in the relative orientation of both crystals. The list of such groups is given in ref. Martensitic transformations have to be examined with the help of this theory not only for the relationships between the parent and the product but also for the accommodation of the martensite variants between them.
SOME PROPERTIES OF INTERFACE
The characterisation of the coset associated with an interface does not give, by itself, any information about the realisation of the interface. Some times, for a planar interface, the plane is parallel to a mirror which belongs to the coset. But, this is not a rule.
Very often, the observed interfaces in crystals are such that a substructure is unchanged when crossing the interface.
It is possible, for a given structure with space group G1 to derive all the interfaces which will leave the chosen substructure invariant. This substructure is invariant under all operations of its space group GS but some of them can also belong to G. So, the interfaces we obtained by the decomposition of G into cosets of the intersection group G (\ GS (17) . The other way for studying such a conservative property starts from a knowledge of the coset to the interface : ( " 1: )
G. The theory has been developed by Bollman but using only point operations and the translation group of the crystal (18) . For two variants related by the coset, the coi'ncidence lattice I is the set of common translations of the two variants :
where T designates the subgroup of translation of the crystal 1.
The coyncidence site lattice is the set of points tro> of the space which remains invariant after interface operations :
This equation is the condition of reducibility of a space operation (see appendix 1). So the coincidence site lattice is built up with the support of all the operations of the coset which are reducible (11) . All the atoms of the structure which sit on these supports are invariant through the interface.
FROM THE IDEAL SCHEME TO A MORE REALISTIC ONE
It is well known that often the variants of martensite are grouped to form a self accommodating unit which minimizes the induced strains. That means for a transformation induced by cooling, the initial group of invariance of the sollicitation is SO3 !for temperature) and leads to equivalent embryos. Around each embryo, the local solllcitation symmetry reduced to the intersection of SO3 with the invariance group gs of the strain induced by the embryo. Further formation of embryos in its vicinity will be determined by the intersection of this group with the Go group of crystal. Growth of these selected embryos will then lead to the specific group of martensitic variants. Equal probability of the appearance of the variants is not lost since all the equivalent situations appear with the same probability when the initial embryos are considered.
In this case it is interesting to consider altogether the variants of the self accommodating group. The superimposition group defined for a bicrystal can be generalized. If the group has n variants, n cosets ai Gi (i = 1, . . . n; al = I) will transform the variant 1 into variants i. We have also to consider the cosets transforming the variants between them.
-1 For j + i : " . G -1 l l a j ( j + l : G l a j 1 
a G a i-'n . . . r\ y l a n Designating by pl(i) the transformed of i, for a permutation labelled 1, the set of elements is : n Since n variants define n ! permutations, the superimposition group for the n variants is then :
The group H leaving all the variants unchanged :
is an invariant subgroup o f 3 .
Considering a11 the generated variants by a phase transformation in which there is a group-subgroup relation between the two phases, their superimposition group is the parent group itself.
REVERSIBILITY PROPERTIES
A condition of crystallographic reversibility was given earlier (3.i) in which the reverse transformation generated an unique variant of the parent phase. However, with 8 variants of the parent phase (3iii) in the example of a martensitic transformation, no reversibility was found. In fact, the invariance group of the sollicitation was assumed to be the same as for the direct transformation. It is reasonable to think that, due to local strains, this group is reduced in such a way that the number of possible variants decreases. In the case of thermoelastic transformations, which have the property of crystallographic reversibility, the reverse transformation appears to be a reversible movement of the interfaces. Any event appearing at the level of the interface gives rise to an equivalent one, derived from it by an operation of the interfacial symmetry. So, a possible condition for the reversibility is that the symmetry group of the interface must be a subgroup of the symmetry group of the parent phase. This is obviously the case for an interface between the parent phase and a martensitic variant but when the interface is between two variants, the bicrystal symmetry must be carefully examined.
The case of pseudoelasticity is quite similar. Only the symmetry of the applied stress field also has to be taken into account. Finally, when the shape memory effect exists, the unique way for the reverse transformation is certainly a symmetry dictated effect, taking into account all the constraints induced by the mechanical treatment.
SYMMETRY INDUCED BY DISPLACEMENT WAVES (19)
The main problem associated with the investigation of instabilities of the parent lattice in the vicinity of the temperature of a thermoelastic martensitic tranformation is that a number of p o t e n t i a l l y . c o m p e t e t i t i v e reactions can occur. For instance, there is extensive evidence that the temperature stiffness (Cll-C12)/2 decreases for B2-NiA1 alloy. A consistent interpretation can be arrived at in terms of displacements associated with <110>, <li0> transverse acoustic phonons.
Mcire generally, the problem however, is how one or several displacement waves, Dmh [gl s ) is a displacement wave, all the waves deduced from the first one by the operations of the space group of crystal are equivalent and form the orbit of waves. Some of these, locked for instance by a defect, can be coupled or superimposed.
In such a case, the total displacement function is written as :
r' (r) = r + Z E . sin 2n(q.r +\Pi)
where the summation is extended to all the ( q . ,~. ) waves which simultaneously interact locally. A phase factor qi for each waveka; to be added : so, is a symmetry operator if IYE. sin 2n(q..r + qi) =:zjsin 2"
for every i of the set, there is a j such that :
leading to the four possibilities :
YE. = + E .
-1
With such a coupling, the surviving symmetry can increase in comparison with a single wave, because the operations which relate the waves between them have to be considered.
Going back to the B2 structure with transverse displacement waves ( {110}, <li0>) some coupling of the waves can be considered. Two orthogonal waves : The coupling of 3 waves <110> with their q vectors belonging to the same I1111 -plane will induce at least a three fold axis.
It is then possible to interprete most of the competitive reactions and the diffraction anomalies with a small set of displacement waves.
In the present context, the most important point to consider with respect to premartensitic instability and symmetry, probably comes from the local modification of the symmetry of the parent phase. The remaining symmetry is the intersection of the invariance group of the displacement wave G W with the symmetry group of the structure Go.
And for an embryo G I , the equivalent embryos, which will appear around it, will be deduced by applying the operations of symmetry : which do not below to G1 (assuming the temperature as the only sollicitation).
So, after growing they will form a socalled self accommodating group. It is to be remarked that all the variants generated by the classical group tree with Go and only the temperature as an external sollicitation appear with the same probability. Since all the waves of the orbit exist in the sample, each wave Wi belonging to the W-orbit acts locally in the crystal and its GWi group is the conjugate of GW by an operation of Go. So all the variants will be equally present in different, but equivalent accommodating groups.
Appendix 3 gives an example of this problem.
THE SELF ACCOMMODATING GROUP OF VARIANTS
This typical microstructure has been already examined in terms of symmetry while discussing the lattice instabilities and "a more realistic transformation".
In many cases of thermoelastic martensites the symmetry of the bicrystal, martensite variant-parent phase, is very low : 1 or i (inversion) . These conditions are not symmetry dictated extrema and, a priori, such a result is not favourable for the transformation.
In fact one must consider a pseudo bicrystal : the parent phase with the self accommodating group of variants for which the symmetry group is now the superimposition group. In such a case, the "bicrystal symmetry" can increase and is able to reach a symmetry dictated extrema. Then, the transformation is more "reasonable" but it is due to the relationship between the parent and the self accommodating group of variants.
(See Appendix 3 for an example)
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THE SHUFFLES
In the phenomenological description of the martensitic transformation, the periodic inhomogeneous lattice strain, called shuffle, is described by a static displacement wave. The effect of such a wave on a crystal has already been discussed in terms of symmetry by J. Cahn (3) . The problem is the same as with the premartensitic instabilities. The symmetry of the strain due to a single shuffle is mmm for a transverse wave, Dmh for a longitudinal and 2/m when there is an angle between the wave and the displacement vectors. A supergroup formation can appear due to certain magnitudes of the displacement vector.
For instance, considering the longitudinal wave : The operations of symmetry between the generated variants of G are the operations of J which do not belong to Ho. The relation of the strain will result in 3 variants of martensite of related by the three fold axis along [Ill] .
This group J with a cubic cell keeps the atoms which sit on 100, 010 and 001 of the tetragonal unit cell, indistinguishable. In fact we do not attach a "mechanistic meaning" to this group which can be called a "transit-group".
This transit group can be used when one considers the succession of compact-planes derived from the parent B2 structure. These compact planes can adopt 
CONCLUSION
The theory of symmetry is quite difficult to apply to the martensitic transformation, since the basic component consists in taking the intersection of different groups.
Such intersections are often reduced to the identity due to small differerces in orientation and translation. This is the reason why space groups are not used and only the point symmetry is taken into account. So, there is a loss of informetion. Also in most cases, the initial crystal is assumed to be perfect and the role of the defects and surfaces is forgotten. Another important point is that very accurate crystallographic informations are needed. Moreover, till now, symmetry has given no information about the actual plane of the interface between the phases (if it is planar ! ) and about its location in the cells of the both crystal. Nevertheless, some results are obtained which tend to prove that symmetry can be efficient for this kind of transformation. The right question about applying symmetry rules to study martensite can be formulated using an analogy : examining a grain boundary between two crystals for which the disorientation is very close to a desorientation leading to grain boundary with high coxncidence between the two crystals, the actual grain is the high coyncidence grain with some periodic defects which correct the small misorientation. So for martensitic transformation, the question may be put if the transformation has to be described with the real orientationships or with closed orientationships forgetting some misorientations corrected in the specimen by some defects ?
APPENDIX 1 ELEMENTARY GROUP THEORY
When one selects all possible operations which leave "something" invariant, one obtains a group. Some important definitions are given in this appendix.
Consider the group G, g is an element of G; m represents a point in space. -If the origin is translated by f , the (alr) operator is now, referred to the new -origin, written as :
( a i r + up-? ) the operator is reducible if _r + a : -:
This is impossible for screw axis or glide mirror. Then, the criterion ofreductibility is directly issued from the notation of little group. It means (all) belongs to the little group of p, or that ! is located on the support of the eTement of symmetry.
--Insolated strata define special points. A point p is said to belong to a stratum H if p is located at the intersection of the supports of the symmetry elements of H. If this intersection reduces to a single point, the stratum is then said to be an isolated stratum. If H = 1,,P is located at the inversion center, this is an isolated stratum.
If H = 2 ,~ is along the binary axis and the stratum is not an isolated one.
The different point groups inducing isolated strata are the following : 
--
The little group of the gradient at the point r is the little group of the point r.
-.
Here, if r is a special point, the gradient must be zero since no vector of non zero length may be invariant through all the symmetry elements of the little group.
The important consequence is : At the special points a G invariant scalar function has either a maximum, a minimum or a saddle point. The coset decomposition is :
It is observed that the martensite variants are clustered into self accommodating groups of 4 variants which adopt a diamond morphology (20) and have between them the 3 operations found by symmetry considerations. Schroeder and Wayman (20) pointed out that mechanical twinning on (011) and (100) planes appear when the martensitic sample is deformed. These interfaces are those found in thermoelastic martensitic transformation, which shows that ewinning is a stress assisted martensitic transformation (the J group is that of B2 structure).
The four variants will collapseinto an unique one by movement of the interfaces.
